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The usefulness that Computational Geometry can reveal in the design of build-
ing and engineering structures is put forward in this article through the review 
and unification of the procedures for generating C-Tangent Space Structures, 
which make it possible to approximate quadric surfaces of various types, both 
as lattice and panel structures typologies. 
A clear proposal is derived from this review: the possibility of synthesizing a 
great diversity of geometric design methods and techniques by means of a clas-
sic Computational Geometry construct, the power diagram, deriving from it the 
concept of Chordal Space Structure. 

1   Definition and Typology of Space Structures 

A space frame is a structural system assembled of linear elements so arranged that 
forces are transferred in a three-dimensional manner. In some cases, the constituent 
elements may be two-dimensional. Macroscopically a space frame often takes the 
form of a flat or curved surface [15]. 

That classical definition can be extended following the next classification of space 
structures [16]: 
− Lattice archetype: frames composed by bars (one-dimensional elements) intercon-

nected at nodes (zero-dimensional point objects). The structure is stabilized by the 
interaction of axial forces that concur at the nodes (fig.1). 

− Plate archetype: plates (bi-dimensional elements) that conform a polyhedron’s 
faces stabilized by the shear forces acting along its edges (one-dimensional hinges) 
(fig. 2 and 3). 

− Solid archetype: structures composed by three-dimensional elements which are 
stabilized by the action of forces transferred between the plane facets of the solids. 

2   Geometric Generation of Space Structures 

The design of space structures can be approached in different ways. We now review 
three methods developed during the second half of the 20th century that suggest dif-
ferent ways for approximating a quadric surface taken as reference. 
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− Geodesic Dome: lattice type structure with a configuration derived from regular or 
semi-regular polyhedra in which the edges are subdivides into equal number of 
parts (“frequency” [3]); making use of these subdivisions, a three-way grid can be 
induced upon the faces of the original polyhedron. The central projection of this 
grid’s vertices on the polyhedron’s circumscribed sphere (see fig. 1), leads to a 
polyhedron approximating the sphere in which only the lattice’s nodes lie on the 
sphere’s surface (more details in [7]). 

 

  
Fig. 1. Left: Generation of the Geodesic Dome through the projection of the three-way grid on 
the circumscribed sphere. Right: U.S. Pavilion, Montreal Universal Exposition (1967) [5] 

 
− Geotangent Dome: it’s a plate type polyhedral structure in which the edges are tan-

gent to a sphere. Such a sphere is sectioned by the polyhedron’s faces in such a 
way (fig. 2) that the faces’ inscribed circles are tangent to the inscribed circles of 
neighboring faces. Following this rule it is possible to determine the planes con-
taining the circles generating the polyhedron’s edges from their intersection [17]. 
 

 
 

Fig. 2. Geotangent Polyhedron elevation (left). Nine meter diameter geotangent dome crown-
ing Canopy Tower, Cerro Semáforo, Panamá (1963) [4] 

 
The procedure is involved and its calculations imply the solution of a non-linear 
equation system through an iterative process base on successive approximations. 
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− Panel Structure: these plate type structures derives from lattice type geometries by 
applying the principle of structural and geometric duality (based on the concept of 
a point’s polarity regarding a sphere). Taking as a starting point the geodesic 
dome’s circumsphere, it is possible to transform the lattice’s nodes in the faces of 
its dual structure (fig. 3 and 5); the primitive sphere remaining as the new struc-
ture’s insphere. 
 

  
Fig. 3. Panel structure (left), derived as the dual polyhedron of a Schwedler type dome. 
(Right) Structures suggesting the plate typology. Eden Project, Cornwall, UK. [6] 

 
If in this procedure the sphere on which the polarity is applied is displaced in rela-

tion to the polyhedron that is to be transformed, the resulting panel structure no longer 
approximates a sphere, it approximates an ellipsoid instead. The first of these proce-
dures is known as the Dual Transformation (DuT), while the second is the Dual Ma-
nipulation (DuM) [16]. 

3   C-Tangent Spatial Structures 

Three typologies seemingly so different as those presented in paragraph two can be 
integrated under a unifying proposal in the realm of Computational Geometry, 
through the generation of C-Tangent structures [11]: it is sufficient to apply to a set of 
points S = { P1, P2, …, PN } lying on the plane z=1 the sequence of transformations 
(translation, scale and inversion) which can be expressed as matrices the following 
way: 

P’ =  [ MTRA(-) · MESC(-) · MINV · MESC · MTRA ] · P (1) 

followed by a projective transformation [13] (MHOM matrix):  

P’’ = MHOM · P’ (2) 

which transforms the Voronoi Diagram of these points V (S) into the polyhedral struc-
ture that approximates any quadric surface (fig. 4). 
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Accepting this definition for C-Tangent structures, it is feasible to perform the fol-
lowing interpretation of the previously defined structures: 
− Plate Structure: a C-Tangent structure in which the proposed point set in z=1 are 

related by their Voronoi Diagram [11]. 
− Lattice Structure: a C-Tangent structure obtained from the z=1 point set’s Delau-

nay triangulation [10]. 
− Geotangent Structure: a C-Tangent structure generated from the subdivision in-

duced by the arrangement of the radical axes obtained from a tangent circles pack-
ing on z=1 [14]. 

 

  

Fig. 4. Generation of C-Tangent space structures. Left: inversion transforms the z=1 point 
set’s Voronoi Diagram into the polyhedral structure circumscribed to the sphere. Right: A 
projective transformation converts the approximating polyhedron into one circumscribed to 
a quadric 

 
This dispersion in the starting arguments needed for the generation of C-Tangent 

structures is only apparent. It is enough to introduce the concept of power diagrams to 
confirm this. 

 

  
Fig. 5. Lattice mesh (left) and plate structure (right) generated from the same set of points in 
the z=1 plane 
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4   Metric and Computational Geometry Notions 

4.1   Power Diagrams 

From the most elemental definition: 

Definition 1: the constant (signed) product of the distances from a point P to the two 
intersection points A and B of any line which passes through P with a circumference 
is called the power of a point with respect to a circle [12]. The power of a point P can 
be expressed as: 

Power = PA · PB = (d + r) · (d – r) = d2 – r2 (3) 

where d is the distance from a point P to the circle’s center and r is the circle’s radius 
(this expression is still valid for points that lie inside the circumference). 

Property 1: The locus of those points in the plane that have equal circle power with 
respect to two non-concentric circles is a straight line perpendicular to the line of cen-
ters. It is called radical axis or power line.  
 

The generalization of such a definition to an n-dimensional space requires that we 
consider hiperspheres, not circles, centered on two generator points, in which case we 
formulate the locus of points in space with equal power with respect to both hiper-
spheres as a hiperplane orthogonal to the spheres’ center line. This hiperplane is 
known as the chordale for both generator points. 

 

  
Fig. 6. Power diagrams for seven circumferences (left) and four spheres (right) 

 

Property 2: given a collection of circumferences lying on a plane (hiperspheres in En) 
it is possible to bring about its tessellation considering nothing else than the intersec-
tion of the power lines for each pair of properly chosen neighboring circles (chordales 
of neighboring hiperspheres) (fig. 6). To each circumference (hipersphere), a convex 
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region of the plane (En space) is associated, which is defined by the intersection of 
half planes (half spaces) containing those points with the least circle power. This re-
gion is known as the power cell, and the set of cells for the said collection of circum-
ferences (hiperspheres) is known as its associated power diagram [1]. 
 

Power diagrams and the procedures for the generation of space structures can be 
related through the concept of polarity. 

4.2   Polarity in E3 

Definition 2: the polar plane for a point P (xP, yP, zP) with respect to a quadric [8] is 
the locus of those points in space that are harmonic conjugates to P with respect to the 
two points in which any line passing through P, which is known as this plane’s pole, 
intersects the given quadric (see fig. 7). 

Property 3: the contact curve of the cone circumscribed to a quadric from an exterior 
point P is the conic section generated by the polar plane of point P. If among all the 
possible quadrics we select the paraboloid Ω (z = x2 + y2), it is also true that the or-
thogonal projection of this section on a plane z=const is a circle [12]. 
 

  
Fig. 7. Polar plane for a point P with respect to 
a quadric 

 

Fig. 8. Spatial interpretation of a chor-
dale 

 
With the projection of two of these conic sections we obtain a power diagram in 

which the power line is the projection on the same plane of the intersection of the po-
lar planes containing both conic sections [1] (fig. 8). 

An immediate consequence is that every power diagram is the equivalent of the or-
thogonal projection of the boundaries of a convex polyhedral surface (resulting from 
the intersection of the half-spaces defined by polar planes). This surface can be re-
garded as the polyhedron that approximates the quadric. 



Chordal Space Structures: Computational Geometry  
Getting into Building and Civil Engineering      7 

5   Revision of the Mechanism for the Definition of C-Tangent 
Structures. Chordal Space Structures 

We propose that it is possible to generate any kind of panel structure by means of a 
power diagram in z=1 when it is subject to the sequence of transformations that gives 
rise to a C-Tangent structure. We have previously published conclusions [10], [11], 
[14], from studying the following two particular cases: 
− A packing of tangent circumferences: in which each circumference being tangent 

to all its neighbors (fig. 9) (as we have seen this is the origin of geotangent struc-
tures). 
 

  
Fig. 9. A tangent circumferences packing and the planar subdivision induced by radical axes 

 
− A subset of points lying on a plane: each point shall be considered as a zero radius 

circle. In this case, power lines degenerate into the perpendicular bisectors of the 
line segments that connect every two neighboring points, resulting in the planar 
subdivision that gives rise to the Voronoi Diagram (fig. 10) for the set of generator 
points (producing plate type structures). 

 

 
Fig. 10. Voronoi Diagram (left) and Delaunay Triangulation (center) for eight generators ly-
ing in a plane. The figure on the right shows how these structures overlap 

 
If additionally we remember the fact that the Voronoi Diagram and the Delaunay 

Triangulation are dual structures, it would suffice to consider the Delaunay Triangu-
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lation for the set of zero radius circles to approximate the third of the structural ty-
pologies described: the lattice structural type. 

 
For the purpose of characterizing unambiguously all the structures arising from the 

Power Diagrams, we propose naming them, regardless of their typology, as chordal 
space structures. 

6   Generalization of the Mechanism for the Definition of Chordal 
Space Structures 

Having to work, as stated in paragraphs three and five, with circles lying on plane 
z=1, could be understood as a restriction towards the problem’s solution. A descrip-
tion of the way to overcome it follows. 

 
Let us consider the equation of a circle expressed in its normalized form: 

C(x, y): x2 + y2 - 2px - 2py + r = 0 (4) 

Completing the squares for the binomials in x and y, we obtain: 

C(x, y): (x – p)2 + (y – q)2 = p2 + q2 – r (5) 

so that the center is the point (p, q) and the radius R is given by the formula: 

R2 = p2 + q2 – r . (6) 

We have set up a one-to-one correspondence between the proper circles lie in the 
OXY plane and the points of real Euclidean space of three dimensions (p, q, r) [12]. 
Points with coordinates (p, q, r) can be found to match each circle C in plane XY. Ac-
cording to this formulation (C2 → E3), any collection of circles in a plane can be pic-
tured as a cloud of points in space. And, inversely: any cloud of points in space can be 
understood as a collection of circles in a plane (E3 → C2), which can be associated ac-
cording to the previous section to a polyhedral surface that approximates a quadric. 

Definition 3: the point that represents in the space a circle with real center but zero 
radius is called point-circle [12]. 

Property 4: all point-circles are mapped onto the points of the Ω paraboloid’s surface. 

Property 5: all the points above a point-circle lying on its vertical will have an associ-
ated circle in the plane with a real center (p, q) and a negative radius. We shall name 
such circles virtual circles. 
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7   Conclusion: Design of Chordal Space Structures 

The one-to-one correspondence (E3 → C2) defined provides us with a mechanism to 
associate a cloud of points in space with the faces of a polyhedron approximating 
paraboloid Ω, which will be partially inscribed, partially circumscribed, partially tan-
gent to its edges and partially secant to it (fig. 11). And, thus, could also be the same 
to any quadric in E3, as follows from section 3, by means of expressions (1) and (2). 
 

  

  
Fig. 11. A one-to-one correspondence (C2 → E3) as the mechanism of definition of the 
polyhedron’s faces that approximate the quadric. The relative positions of points with re-
spect to Paraboloid Ω conditions the typology of the resulting structure, which can be pre-
dicted from the associated power diagram.  
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The field of knowledge related with the processes by which spatial structures are 
obtained is plagued with innumerable typologies, procedures, classes, subclasses and 
patents [2], [9], that Computational Geometry can synthesize in one single category: 
what we have named as Chordal Space Structures. This proposal simplifies and wid-
ens the scope of this technical activity. 

 
Nothing like this has been claimed before, because the intimate relation between 

Computational Geometry and the design of big lightweight structures remained unno-
ticed. Both fields are representative of progress in the XXth century and can go for-
ward hand in hand in the XXIst. 
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