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Abstract. In previous articles the relation between Lattice and Plate structural 
systems to Delaunay and Voronoi planar diagrams has been demonstrated. The 
present contribution shows how Geotangent Mesh designs can also be 
formulated as a bi-dimensional problem stated as the Planar Subdivision of  
Radical Axes arising from a packing of circles. This way the origin of all of the 
Spatial Mesh Structural Typologies can be formulated by means of the basic 
elements of Computational Geometry. 

1   INTRODUCTION 

1.1   Structural Morphology 

Structural morphology (see references [17] and [12]) deals with the study of the 
relation between geometric form and structural behavior. In a strict sense, 
morphology refers to the study of form, that is, the type, geometric appearance and 
characteristics of the surface. The concept of structure is much more ambiguous. Any 
kind of organized physical matter has structure and thus, “structural morphology” 
shall be associated as a characteristic to everything that possesses order, although it is 
also a term associated to a set of elements intended to support loads. 

Factors conditioning design are many and varied and, in many occasions, are based 
in arrangements already proposed either in nature or in cultural tradition i.e. figures 1 
and 2 compare the structural configurations from natural organisms with a well 
known man-made structure. 

 We can see how the animal’s rigid shell adopts a spherical form approximated by 
a polyhedron with triangular or polygonal faces (figure 1). In general, these 
arrangements attaining a minimal amount of material or weight for each structure. 
Such structures do not have a dominant bi-dimensional stress-resisting element; 
stresses are transmitted along the whole structure in such a way that it is impossible to 
study the isolated parts. Their unitary character prevails during the calculus and 
design process. They are Spatial Structures [15]; the one of the Lattice Shell Mesh 
type, the other one of Plate Shell Mesh type. 
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Fig. 1.  The skeleton of radiolaria can be made 
by triangles or other type of polygons 

Fig. 2. Geodesic dome. 

2.2. Types of Spatial Meshes. 

Among the possibilities for generating by means of nodes, bars and panels a spherical 
form, what we refer to as the Polyhedrical System [10] has received a vast amount of 
contributions. Essentially it deals with generating a triangular mesh over the face of a 
regular or semi-regular polyhedron or over the portion of the sphere [1] that is 
circumscribed around this polyhedron. All of the symmetry planes in a regular 
polyhedron produce maximum circles over its circumscribed sphere; the strong 
influence that these maximum circles have on the design of the triangular mesh 
account for the name it receives, Geodesic Dome.  

In all of them, the procedure for generating the triangular mesh can be sketched 
according to these rules (more detailed in [6], [7] and [8]): (1) Selection of the initial 
polyhedron (usually a regular icosahedron). (2) Determination of any triangular 
network on the polyhedron’s face. This network can be formulated in many ways but 
Coxeter’s notation [2] is valid for all of them: any procedure can be formulated by 
means of the {3, 5+}b,c notation (if we start from a regular icosahedron). (3) Projection 
of this network on the sphere circumscribing the polyhedron. 

Spatial meshes like the one shown in figure 2, are named Lattice structures [8] (the 
basic structural element is a bar). Wester [16] has proposed an interesting alternative, 
suggesting that the Plate Structure  -where plates (planar elements which are able to 
resist forces in their own plane only) are stabilized by shear forces- constitutes a new 
type and concept of structure with an applicability that is, perhaps, deeper than the 
former. 

2.3. Spatial Meshes made by Computational Geometry Procedures. C-
TANGENT MESHES. 

The topological similarity between the Plate Structures and the Voronoi Diagram and 
between Lattice Meshes (geodesic domes) and a Delaunay Triangulation gave rise to 
a whole procedure for making up a Spatial Mesh starting just from a simple set of 2D  



Planar Subdivisions by Radical Axes applied to Structural Morphology      3 

points [9]. Indeed, given the set S’={ P’1, P’2, . . . , P’n} of points in the plane z=1, it 
results that the inversive image of the Voronoi Diagram [5], [13] of S’ leads to a 
polyhedron that approximates the sphere E [X2+Y2+(Z-1/2)2=1/4] in such a way that 
each one of its faces is tangential to the sphere. There is a symmetric correspondence 
between each Voronoi polygon and each face of the polyhedron; that is, the 
polyhedron is a Plate Structure.  Similarly, the inversive image of the Delaunay 
Triangulation of S’ approximates the same sphere E as a Lattice Structure. 

 

Fig. 3.  A Spatial Mesh derived from a Voronoi Diagram of a set of points on z=1 is a C-
Tangent Mesh. 

The following procedure summarizes the way in which the property explained in 
the previous paragraph permits the creation of spatial meshes known as C-Tangent 
Meshes [11] (previously this procedure, either numeric or graphical, was always 
highly sophisticated): 

Step 1:  A set of points belonging to the plane z=1. Step 2: The Voronoi Diagram 
associated to this set is constructed. Step 3: The polyhedron derived from this diagram 
is obtained. Figure 3 describes the relation between the Voronoi edge and the  
polyhedron edge: the south pole of the sphere is the center of the projective 
transformation. 
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3. Geotangent Domes. 

A really interesting alternative procedure for the design of Spatial Meshes appeared 
under the name of “Geotangent Domes” or “Geotangent Meshes”, claimed by Davis 
and Yacoe [4], [18], which patented a polyhedrical body that approximates the sphere 
according to these rules: (1) It has polygonal faces, the edges of which are tangent to 
circles; these circles are the intersection between the plane holding the polygon and 
the sphere. Each vertex joins 3 or 4 polygons. (2) The first step considers a ring of 
hexagons (six or more) surrounding the equator circle. The next steps fill successive 
horizontal rings towards the sphere's north pole; each one holds new polygons (non 
regular) of 5, 6, 7 or 8 edges. (3) The inscribed circle within each polygon is tangent 
to the inscribed circles of every one of their neighbors. (4) The size of any polygon is 
chosen in such a way that it is the most similar possible to its neighbors in the ring 
immediately below. (5) In a ring, the number of polygons can be the same as the ring 
immediately below, half of the ring immediately below, or only one polygon (on the 
North Pole only). (6) When a ring reduces the number of polygons to the half of its 
previous ring, it is possible that a vertex joins four edges. As this is not desirable, 
some filler polygons can be introduced at these vertices. (7) A polyhedron made up 
from these propositions is presented in figure 4, left. Dimensioning such a body 
involves the solution of a non-linear system of equations arising from the analytical 
expression of the seven indicated rules. In general, we cannot say that the solution of 
this system is always easy, neither geometrically intuitive. 

 

Fig. 4.  Geotangent Models; left: approximating a sphere; right: approximating an ellipsoid 

Two years later, Yacoe proposed, following a similar procedure, the approximation 
of an ellipsoid [19]. In Figure 4, right, a sketch of this solution is shown. 

4. Circumsphere, Intersphere and Insphere associated to a 
Polyhedron. 

As it is well known, the classical study of polyhedra resorts to the association of this 
type of bodies with a sphere that can be inscribed, circumscribed or tangent to the 
edges. The polyhedron's symmetry conditions and its fundamental dimensions are 
closely related to each one of these spheres. Not always do these three spheres exist 
for a given polyhedron, but if it is a regular polyhedron, it possesses all of them. More 
information on this fact can be found in classical treaties on polyhedral bodies [3], 
[12]. 
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Lattice and Plate Spatial Meshes correspond precisely with an inverse formulation 
of the relation between a sphere and a polyhedron. In fact, both cases deal with the 
problem of finding a polyhedron that approximates a sphere by means of planar faces. 
Lattice solutions generate a polyhedron with triangular faces inscribed in the sphere; 
Plate solutions generate a polyhedron with non-triangular faces which is 
circumscribed to the sphere. Does a similar formulation exist for solutions of the 
Geotangent type? It is evident that there is one, because as it is shown in the previous 
section, the edges of the approximating polyhedron are tangent to the sphere. In fact, 
the Geotangent model is built by means of a polyhedron with non-triangular faces 
whose edges are tangent to the sphere. 

The generation of C-Tangent meshes [11] allows to obtain solutions of Plate type 
or Lattice type from a simple set of points placed in the plane z=1. If this set of points 
is associated by means of a Voronoi Diagram, a solution of Plate structure type is 
originated; if it is associated by means of a Delaunay Triangulation, a Lattice type 
solution is originated. Does some formulation exist in the field of Computational 
Geometry that will originate a Geotangent solution? Should one exist, the three 
spheres classically associated to a polyhedron could be formulated in a single context; 
on the other hand, the three spheres could be treated at a discrete level by means of 
sets of points in a plane. 

5.   Planar subdivision by Radical Axes. 

Given two circumferences, their radical axis is defined [14] as the locus of the points 
that have the same power with respect to both. Given three circles lying in the same 
plane, there exists a point in this plane which has the same power with respect to the 
three; this point is known as the radical center of the three circles. The radical center 
is obtained by intersection of the radical axes of two of the three possible 
combinations of circles.  

Let us consider three points, Ca, Cb, Cc and let us try to find three circumferences 
with their respective centers on those points and that are tangent to each other. As it 
can be seen in figure 5, left, such circumferences exist and the value of their radii is: 

Ra = ½ (dab + dac - dbc)   Rb = ½ (dba + dbc - dac)   Rc = ½ (dca + dcb - dab) (1) 

being dij the distance between the centers Ci and Cj. 
The circumferences with centers in Ca, Cb, Cc and with radii Ra, Rb and Rc 

respectively arrange their three tangent radical axes two to two; however, as it can be 
seen in figure 5, right, the incorporation of a fourth point, subject to the restriction of 
being the center of a tangent circumference to other two can no longer be entirely 
random; in fact, a fourth point Cd will have to be located at distances Ra+ Rd and  Rb+ 
Rd of centers Ca and Cb if maintaining the tangency condition is desired. 
Consequently, the process of positioning each new point has only one degree of 
freedom, not two. 
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Fig. 5. A fourth point, subject to the restriction of being the center of a tangent circumference 
to other two can no longer be entirely random. 

Nevertheless, this condition can be satisfied in sets of points that maintain a 
symmetry of rotation and a radial distribution. Figure 6, left, displays a distribution of 
this type; the points are located on concentric rings, so that: (1) two points Ca and Cb 
are located in the same ring of radius R1 with an angular dephasing of value α; (2) two 
points Cc and Cd located in a ring of radius R2 immediately outside implies a 
dephasing of angular value α/2 relative to the previous Ca and Cb and with an angular 
dephasing of α between them. In such conditions it results: (1) that on points Ca and 
Cb two circumferences tangent to each other of radii 

Ra = R1 · tg α/2 (2) 

can be located; (2) that on points Cc and Cd two circumferences tangent to each other 
of radii  

Rc = R2 · tg α/2 (3) 

can be located; (3) that for a circumference Cc belonging to the ring of radius R2 to be 
tangent to other two Ca and Cb belonging to the ring of radius R2, the condition that 
distance Ra + Rc = distance (Ca Cb ) must be satisfied. If we name d = distance (Ca , Cb) 
and O the center of the circumferences of radii R1 and R2 (O is the rotation symmetry 
center), it results that 

d2 = R1

2 + R2

2 - 2R1R2 cos α/2 (4) 

In this description it is adequate to consider the angle α as a degree of freedom, so 
that the three equations shown allow us to relate the three unknown values Ra, Rc and 
R2 with R1. Manipulating these expressions the usual way we arrive to the conclusion 
that: 

)1( 2
12 ++= λλRR , being )2/1(

2/cos
2α

αλ tg−=  

This way, accepting that the first ring is placed in a discretionary manner, the 
arrangement of tangent circumferences is univocally determined from the angle α. In 
figure 6, right, a configuration of tangent circumferences thus obtained is shown. 
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Fig. 6.  The arrangement of tangent circumferences is univocally determined from angle α. 

6   Geotangent Meshes generated from a Planar Subdivision of 
Radical Axes. 

The radical axis of two tangent circumferences is their common tangent. From this 
simple property, a planar subdivision SD is obtained directly from any packing of 
tangent circumferences as the one shown, for example, in figure 6, right. The outcome 
is shown in figure 7. 

 

Fig. 7.  A planar subdivision is obtained directly from any packing of tangent circumferences. 

Let us relocate that planar subdivision SD to the z = 1 plane and let us apply an 
inversive transformation I with center in the origin of coordinates (0, 0, 0) and power 
1, so that the points of tangency between circumferences (or what is the same, 
between the radical axes and the circumferences) are transformed into points of the 
sphere E of center in (0, 0, ½) and radius ½. This inversion transforms each 
circumference of the packing into a lesser circle of the sphere E. In addition, since the 
tangency is maintained in the transformation, the lesser circles stay tangent to each 
other. See figure 8. 

Let V (see figure 8, right) represent the radical center of C1, C2 and C3, point where 
the three edges a1, a2 and a3 of SD concur. These edges are therefore, tangent to those 
three circumferences in points T1, T2 and T3.  A projective transformation TP exists 
that relates a1 , a2 and a3 with three lines a’1, a’2 and a’3 tangent to the sphere E at 
points  T’1, T’2 and T’3 , inverse of T1, T2 and T3 according to the inversion I. In the 
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same way a1, a2 and a3 concur in a point V, it results that a’1, a’2 and a’3 must 
necessarily concur in a point V'; it is so because T’1, T’2 and T’3 determine a plane α 
on the sphere that originates a lesser circle Cv that intersects the lines a’1, a’2 and a’3. 
In fact a’1, a’2 and a’3 are generators of the cone circumscribed to the sphere along Cv 
and the vertex of that cone is the pole of plane α with respect to sphere E. It is evident 
in the projective transformation TP that the fact that V and V' must be aligned with 
the origin O (0,0,0) is maintained. 

Fig. 8. Left: Circles on plane z = 1 are transformed into lesser circles of the sphere remaining 
tangent between themselves. Right: Relations between tangent circumferences, radical axes, 
points of tangency, and radical center in the z = 1 plane and on the sphere. 

Transformation TP is the key to convert the planar subdivision SD into the sphere's 
approximating polyhedron whose faces have all of their edges tangent to the sphere. It 
only entails the application of the following algorithm:  

PROCEDURE in order to create a polyhedron geotangent to 
the sphere of center in (0, 0, ½) and radius ½.  
DATA: a packing EC of tangent circumferences in the z=1 
plane. 

1. Obtain SD: subdivision of the z=1 plane in convex 
polygons. The sides of these polygons are the radical 
axes (common tangents) to the circumferences of packing 
EC.  

2. For each vertex V of SD; verify that V has not been 
processed previously; in the other case, advance to the 
following one; obtain the edges ai (i= 1, 2, 3, ... )  concurrent 
in V; for each one of these edges ai obtain Ti point of 
tangency with two circumferences of EC; obtain T'i , 
inverse points of the Ti in inversion I. 
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2.1. Obtain the expression for the plane α that 
contains the points T'i . Even if i is higher than 3, 
these T'i points are coplanar because they come from a 
set of points  Ti that are cocircular in the plane z=1. 

2.2. Obtain the V' pole of the plane α with respect to 
sphere E. 

3. End of 2. The proper union of the V' vertices, 
preserving the connectivity of the SD subdivision lines 
generates the Approximating Polyhedron, that turns out 
to be Geotangent to the sphere E. See figure 8.  

The expression of inversion I specified in point 2.1 in homogenous coordinates is as 
follows: 
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, where D2 = X2 + Y2 + Z2, 

while, in relation to point 2.2, if the plane α has the equation AX + BY + CZ+ 1 = 0, 
then V' has the following as its expression in homogeneous coordinates:  

Xv'= -A / 2(1+C)              Yv'= -B/2(1+C)  Zv' = -1 / 1+C (5) 

CONCLUSION.  

The construction of Space Meshes in the form of domes has generally pursued to 
achieve a polyhedron approximating a surface of double curvature. Other than 
exceptional cases, this surface has been the sphere.  
On the one hand, the outcome of these approaches has been the subject of patents on 
which legally protected constructive procedures are based. Among them, the most 
outstanding are the Geodesic Dome [6]  and the Geotangent Dome [18] and [19]. 
Lately, the Geotangent concept has been broadened under the idea of Panel Domes 
[16]. 

Furthermore, the three classic ways for relating a polyhedron to a sphere consist in 
finding a sphere that is inscribed in the polyhedron (insphere), one that is 
circumscribed to it (circumsphere) or one that is tangent to its edges (intersphere).  

Along several publications [9], [11], we have demonstrated that these polyhedron-
sphere relations are implicit in classic bidimensional configurations of Computational 
Geometry. In fact, if we had already demonstrated that: (1) Given a cloud of 
whichever points on a plane, its DIAGRAM OF VORONOI directly originates a 
PANEL Type Space Mesh solution. The approximate sphere is INSCRIBED  in the 
resulting polyhedron. (2) Given a cloud of whichever points on a plane, its 
TRIANGULATION OF DELAUNAY directly originates a GEODESIC Type Space 



10      R. Togores, C. Otero 

Mesh solution. The approximate sphere is CIRCUMSCRIBED to the resulting 
polyhedron.  

In this article we close this set of relations demonstrating that a PLANAR 
SUBDIVISION OF RADICAL AXES directly originates a GEOTANGENT Type 
Space Mesh solution. The approximate sphere is tangent to the edges of the resulting 
polyhedron. 

By means of Methods belonging to Computational Geometry, a Tri-dimensional 
and geometrically sophisticated constructive technique is reduced to the systematic 
use of a profusely studied bidimensional problem. Its impact in time saving and new 
possibilities of design increase, as we will try to continue showing in future 
contributions. 

REFERENCES. 

1. Alvaro J. I.,  Otero C. Designing optimal spatial meshes: cutting by parallel trihedra 
procedure. IASS Journal (International Association for Shell and Spatial Structures) VOL. 
41 (2000) N. 133. 

2. Coxeter H. S. M. Regular Complex Polytopes. Ed. Cambridge University Press. 1974. 9-11. 
3. Critchlow, K. Order in Space. Ed. Thames and Hudson. 1969. 75-77 
4. Davis, W.E., Yacoe J., “A New Polyhedral Approximation to an Ellipsoid of Revolution”. 

International Journal of Space Structures, Vol. 5, nr. 3 & 4. 1990. 
5. Edelsbrunner H., Sheidel R. “Voronoi Diagrams and Arrangements”. Discrete 

Computational Geometry 1, 25-44 (1986) 
6. Fuller B., U.S. Patent 2,682,235  6/1954 
7. Makowski, Z.S. Analysis, Design and Construction of Braced Domes. Cambridge University 

Press. Great Britain, 1984. 
8. Margarit J., Buxadé C. Las Mallas Espaciales en Arquitectura. Ed. Gustavo Gili.1972. 
9. Otero C., Gil V., Alvaro J. I. CR-Tangent Meshes. IASS Journal VOL. 41 (2000) n. 132. 41-

48. 
10. Otero C. Diseño Geométrico de Cúpulas no esféricas aproximadas por mallas triangulares 

con un número mínimo de longitudes de barra. Ph D. University of Cantabria. 1990. Not 
available, contact the author. 

11. Otero C. , Togores R. “Computational Geometry and Spatial Meshes”. Lecture Notes On 
Computer Science 2002 . Vol. 2. Springer. 2002.  

12. Pearce P. Structure in Nature is a Strategy for Design. Ed. Cambridge University Press. 
1974 

13. Preparata F, Shamos I. “Computational Geometry: An Introduction”. Springer. 1985. 244-
247.  

14. Pedoe, D. “Geometry: a comprehensive course”. Cambridge Univ. Press. 1970. 71-121. 
15. Tsuboi Y. Analysis, design and realization of space frames. (Working Group of Spatial 

Steel Structures). IASS Bulletin, Nº 84. April 1984 and Nº 96, April 1988. 11-30. 
16. Wester, T. “A Geodesic Dome-Type Based on Pure Plate Action”. International Journal of 

Space Structures, Vol. 5, nr. 3 & 4. 1990. 155-167 
17. Wester, T. “The Structural Morphology of Basic Polyhedra”, Chapter 11 in “Beyond The 

Cube”, pp. 301-342. John Wiley & Sons. 1997. 301-342 
18. Yacoe J. U.S. Patent 4,679,361  7/1987 
19. Yacoe J. U.S. Patent 4,825602  5/1989 
 


